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Abstract. Let (G, 8) be a Banach-Lie group with involutive automorphism 
S, S = h © 1 be the 0-eigenspaces in the Lie algebra g of G, and H = (G®)o be 
the identity component of its group of fixed points. An Olshanski semigroup 
is a semigroup S C G of the form S = H exp(l4 / ), where W is an open AA(H)- 
invariant convex cone in q and the polar map H X W — > S, (h,x) \-¥ hexpx 
is a diffeomorphism. Any such semigroup carries an involution * satisfying 
(hexpx)* = (exp x)h —1 . Our central result, generalizing the Luscher-Mack 
Theorem for finite dimensional groups, asserts that any locally bounded *- 
representation n: S — > B(H) with a dense set of smooth vectors defines by 
"analytic continuation" a unitary representation of the simply connected Lie 
group G c with Lie algebra g c = h + iq. We also characterize those unitary 
representations of G c obtained by this construction. With similar methods, we 
further show that semibounded unitary representations extend to holomorphic 
representations of complex Olshanski semigroups. 



1. Introduction 

There are many important results in the unitary representation theory of Lie 
groups related to analytic continuation. Here a key ingredient is the special case 
where ir : K — > \J(H) is a strongly continuous unitary one-parameter group and A its 
self-adjoint infinitesimal generator, i.e., 7r(i) = e ltA in the sense of measurable func- 
tional calculus. Then the unitary one-parameter group 7r extends to a holomorphic 
one-parameter semigroup tt : C+ = IR + iM>o — > B(T~L) if and only if A is bounded 
below. This extension then restricts to a locally bounded non-degenerate hermitian 
one-parameter semigroup 1 1— > 7f(it). Conversely, any such hermitian one-parameter 
group has a self-adjoint infinitesimal generator —A and e %zA then yields an exten- 
sion to C+, where the boundary values form a unitary one-parameter group. The 
key point of this picture is that self-adjoint operators A whose spectrum is bounded 
below can be viewed as the infinitesimal generators of two objects: a unitary one- 
parameter group (Stone's Theorem) and a hermitian one-parameter semigroup of 
bounded operators (Hille-Yosida Theorem). This is the one-parameter context of 
what we are dealing with in the present paper for Banach-Lie groups. 

We call a pair (G, 9) consisting of a Banach-Lie group G and an involutive 
automorphism 9 of G a symmetric Banach-Lie group. We decompose its Lie algebra 
g = f) © q into ±l-eigenspaces of 9 and write H := G® for the identity component 
of the group of 6*-fixed points in G. Let W C q be an open convex Ad(£f )-invariant 
cone for which the polar map 

H x W -> H exp(W), (h, x) >-> hexpx 

is a diffeomorphism onto an open subsemigroup S := Sh[W) :— H exp(W) of G. 
Then S is an involutive semigroup with respect to the involution s* :— 9(s)~ 1 which 
is called an Olshanski semigroup. In Appendix A we explain how to obtain such 
semigroups Sh'(W), where H' is a connected Lie group locally isomorphic to H for 
which H' and Sh'(W) need not be contained in a Lie group (cf. [Ne92, Ex. 11.13]). 

l 
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Our first main result (Theorem 3.7, proved in Section 4) is the following Banach 
version of the Luscher-Mack Theorem ([LM75]): Let p : S = S H (W) -> B(H) be 
a non-degenerate strongly continuous ^-representation of S which is smooth in the 
sense that the space % ca of smooth vectors is dense. If G c is the simply connected 
Lie group with Lie algebra g c := f) + «q, then there exists a smooth unitary rep- 
resentation (tt,'H) of G c on % which is uniquely determined by the requirement 
that the unitary one-parameter groups corresponding to elements x £ f) are those 
obtained by "extending" p to H and the generators of the one-parameter groups 
corresponding to elements of iW C iq are of the form idp(x), where dp(x) is the in- 
finitesimal generator of the hcrmitian one-parameter semigroup 1 1-> p(cxptx). For 
finite dimensional groups this result is due to M. Luscher and G. Mack ([LM75]; see 
also [HN93]). As their methods make heavy use of coordinates obtained from prod- 
ucts of one-parameter groups, we have to develop a completely new approach in the 
Banach context. Actually our approach is more direct and uses only quite general 
methods, such as the criteria for the integrability of infinitesimal unitary represen- 
tations of Banach-Lie algebras from [MerlO]. The one-parameter case described 
above corresponds to G = R, 9(g) = —g, S = M>o and G c = iR. 

An interesting, much less involved, special case arises if 5* = G is the whole group. 
Then our assumption is that G has a diffcomorphic polar decomposition H exp q 
and our theorem establishes a correspondence between *-representations n: G — > 
GL("H) by bounded operators and norm-continuous unitary representations of G c . 
If G is a finite dimensional semisimple Lie group and 6 a Cartan involution, then 
this is Weyl's well-known unitary trick relating finite dimensional representations 
of G to unitary representations of the compact group G c . 

In the context of the Luscher-Mack Theorem, it is a natural question which 
unitary representations of G c are obtained from representations of a semigroup 
Sh(W). To answer this and related questions, we consider for a smooth unitary 
representation (ir, H) of a Lie group G the convex function 

s n : g — > R U {oo}, s 7T (x) := sup ( Spec(zd7r(x))) . 

We call 7r semibounded if s n is bounded in the neighborhood of some point xo € g, 
and if W C g is a convex cone, then we say that ir is W -semibounded if is locally 
bounded on W. Now the converse to the Luscher-Mack Theorem (Corollary 5.6) 
asserts that a representation of G c is obtained from a smooth representation of S 
if and only if it is iVF-semibounded. Here the main difficulty is to show that, for 
an zW-semibounded unitary representation of G c , the prescription p(hexpx) :— 
7r(/i)e _d7r ^' define a representation and to see that it is actually smooth. Here we 
use methods developed previously in [MerlO] and [NelOb]. 

With the same tools we obtain the following Holomorphic Extension Theorem 
(cf. [0182] and [NeOO] for the finite dimensional case): For every open invariant 
cone W C g and a corresponding complex Olshanski semigroup Sa(iW), each W- 
scmibounded unitary representation of G extends to a holomorphic representation 
oiS G {iW). 

In the finite dimensional context Lawson's Theorem guarantees the existence 
of Olshanski semigroups Sh{W) under quite simple requirements on the spectra 
of the operators ad a;, x G W (cf. [La94], [NeOO]). Since Lawson's arguments in- 
volve local compactness in a crucial way, they do not generalize to the Banach 
context. However, natural examples of Olshanski semigroups arise as compression 
semigroups of bounded symmetric complex domains in Banach spaces, symmetric 
Hilbcrt domains, and real forms of such domains (cf. [NeOl]). 

As we show in [MN11], the real forms T> of symmetric Hilbert domains T> c , i.e., 
the fixed points for an antiholomorphic involution a, are of particular interest in 
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representation theory (sec [Kau83, Kau97] for a classification). Here G c is a cen- 
tral extension of the identity component of Aut(2? c ), which leads to the class of 
hermitian Lie groups whose semiboundcd representations are classified in [NelOc]. 
Choosing a base point in V leads to an involution 9 on G c with V c = G c /G c , and 
conjugation with a induces another involution on G c . The complex domain V c 
has a natural compression semigroup of form S c — G c exp(W c ) 7 where W c C ig c 
is an open invariant cone ([NeOl]). The subgroup H := (G£)o is invariant un- 
der 9 and V = H/H 6 is a real symmetric space. The corresponding semigroup is 
Sh(W) for W = W° . Here our Liischer-Mack Theorem provides a bridge between 
♦-representations of Sjj(W) and unitary representations of the group G c . A remark- 
able feature of the infinite dimensional context is that a large class of the irreducible 
separable continuous unitary representations of H extend to contraction represen- 
tations of Sh(W) with the same commutant and hence further to representations of 
the larger group G c . In particular we obtain an automatic extension of a large class 
of irreducible representations of H to irreducible semibounded representations of 
G c . For irreducible domains, the irreducible semibounded representations of G c are 
classified in [NelOc], and this in turn leads to a classification of the corresponding 
representations of H. 

One of the central motivations to study results like the Liischer-Mack Theo- 
rem is that there are natural sources of involutivc representations of real Olshanski 
semigroups Sh(W). Here the constructions based on "reflection positivity" are 
of particular interest because of their connections with euclidean, resp., relativis- 
ts quantum field theories (cf. [JO100], [NOll], [LM75], [GJ81]). In this context 
the semigroup Sh (W) constitutes a bridge between unitary representations of the 
groups G and G c . However, these semigroups do not exist in all situations, where 
the passage from G to G c is of interest, a typical example is the euclidean motion 
group G = R 4 x S0 4 (M) and the Poincare group G c = M 4 xi SOi, 3 (M). This was the 
motivation for Frohlich, Osterwalder and Seiler to introduce the concept of a virtual 
representations of a symmetric Lie group ([FOS83]). It would be very interesting 
to see if a suitable variant of this concept can be developed for Banach-Lie groups. 



Notation and conventions. If H is a Hilbert space, we write B(H) for the algebra 
of bounded linear operators on H, GL("H) for its group of units, and U("H) C GL(H) 
for the unitary group. 

If G is a topological group and W a complex Hilbert space, then a unitary 
representation of G on "H, denoted (7r,"H), is a homomorphism n: G — > U("H) 
which is continuous with respect to the strong operator topology, i.e., all orbit 
maps tt v : G — > H, g >->• n(g)v are continuous. 

If G is a Banach-Lie group, then we write g for its Lie algebra. It is a Banach-Lie 
algebra, i.e., a Banach space with a continuous Lie bracket. 

If S is a semigroup, we write X s (t) = st and p s (t) = ts for left and right multi- 
plications on S. If a neutral element in S exists, it is denoted by e. 

Let M be a set. A kernel function K : MxM — > C is called positive definite if for 
€ M, n e N, the matrix (K(x i ,x j )) l j =1 ,,,, n is positive definite. For any 
such kernel there exists a unique Hilbert subspace Hk Q C m of functions on M with 
continuous evaluation maps given by f(m) = (f,K m ), K m (x) = K(x,m),x,m <E 
M. In particular, the subspace VP K , spanned by the functions K m , m <G M, is dense 
in %k ■ If 7 : M — > W is a function with values in a Hilbert space whose range is 
total in the sense that it spans a dense subspace and (7(2;), 7(2/)) = K(y,x) for 
x,y € M, then we have a unitary map $ 7 : % — > %,$ 7 («)(j;) = (v,-f(x)) (cf. 
[NeOO, Thm. 1.1.6]). 
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2. Geometric symmetric operators on reproducing kernel spaces 

Let M be a Banach manifold, K G C°°(M x A4, C) be a smooth positive definite 
kernel on Ai and C C M be the corresponding reproducing kernel Hilbert space. 
According to [NelOb, Thm. 7.1], the map M. — > V.K,m, >->• K m , is smooth, so that 
<p(m) = (<p, K m ) for ipeH K implies that C C°°(M,C)- 

Let V be a vector field on A4, Cy the associated derivation of C°°{M.,C), and 
ifY be its local flow, defined at m G for < t < e(m). The Lie derivative on 
functions is given by 

(1) (C v tp)(m) := ^ ^tpiipYm). 

We also consider £y as an unbounded operator on Hk defined on the domain 

V v :={ipeH K \C v iperi K }. 

Definition 2.1. We say that V is symmetric with respect to K (or K -symmetric) , 
if 



(£yff m )(n) = (CvK n )(m) for m, n G A4. 

The key point in the preceding definition is that it can be expressed in terms 
of the kernel and the vector field, but the following proposition shows that we can 
draw interesting conclusions for the corresponding unbounded operator on Hk ■ 



Proposition 2.2. Let V be a K-symmetric vector field. Then, for every m G M. 

K m v m g H. 



tpl m 
t=0 ^* 



(2) CyK m = 

In particular V.% C Vy and the operator £v\n a K * s symmetric. If ip £ H then 

(3) {ip,C v K m ) = (C v tp)(m) for m G M. 

Proof. Since M — > Hk, m — > K m is smooth, the derivative -^K ip v m exists in 
and, for every n £ A4, 

d 

K(n,ip; m) = | 

t=o 



(C v K m )(n) = (C v K n )(m) = ^_K{n,<p v t m) = K ' v y ro ) (n) 



For every ip e H we therefore have 



(ip,C v K m } =(<p,— K v y m ) = — _ y(ip t m ) = {£v<p){m)- - 



t=o Vtm/ dt 



t=o 



Remark 2.3. Note that (3) implies in particular 

(4) {<p,C v K m ) = (£ v tp,K m ) for ip G T>y. 

Below we recall Frohlich's Theorem on unbounded symmetric semigroups as it 
is stated in [Fr680, Cor. 1.2]. Actually Frohlich assumes that the Hilbert space H 
is separable, but this is not necessary for the conclusion. Replacing the assumption 
of weak measurability by weak continuity, all arguments in [Fr680] work for non- 
separable spaces as well. 

Theorem 2.4 (Frohlich). Let H be a symmetric operator defined on the domain 
V dense in the Hilbert space H. Suppose that for every $ G V there exists e(<&) > 
such that the equation 

has a solution satisfying lim^o &(t) — $ and $(t) G V for < t < e(<&). Then the 
operator H is essentially self-adjoint and = e tH <&. 
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We apply Frohlich's Theorem to our geometric operator £y from Proposition 2.2. 
The new feature is that we can even describe the closure of the essentially self- 
adjoint operator we obtain. 

Theorem 2.5 (Geometric Frohlich Theorem). Let Ai be a Banach manifold and 
K be a smooth positive definite kernel. Then Hk consists of smooth functions, 
and if V is a K -symmetric vector field on A4, then the Lie derivative £y defines 
an essentially self-adjoint operator — > Hk whose closure £y coincides with 
£>v\t>v Moreover, if the local flow $>Y ( m ) of m E Ai at time t is defined, then 

Proof. We apply Frohlich's Theorem with V = H a K and H = £ v \ v . For $ = 
J2j=i a jK mj , a.j e C, rrij e M, we define 
k 

= ^2ctjK v v m ., for t < min(e(TOi), . . . ,e(m k )). 
j=i 

Then (2) implies Jj3>(i) = £y$(t), so the assumptions of Frohlich's Theorem are 
satisfied, and Cv\u° K IS essentially self-adjoint. Let us denote by Ty its closure. If 
if is an element of its domain T>(Ty), then (3) leads for every m e A4 to 

(T v <p)(m) = (T v ip,K m ) = (<p,£ v K m ) = (£ v <p)(m). 

We conclude that T>(Ty) C T>y and Ty — £v\t>(t v )- The other inclusion follows 
from (4) which implies that Vy C T>((£y\ H (^)*). Indeed, since £y\- H ^ is essentially 
self- adjoint we have {£y\ H o K )* — Ty. □ 

Remark 2.6. Theorem 2.4 above extends directly to the case where M is & man- 
ifold modeled on a locally convex space, provided the vector field V is assumed to 
have a local flow. Indeed [NelOb, Thm. 7.1] is stated in this generality. 

3. The Luscher-Mack Theorem 

Let (G, 9) be a symmetric Banach-Lie group. We also write 9 for the correspond- 
ing automorphism of its Lie algebra g, which leads to the symmetric Banach-Lie 
algebra (q,6). We write 

= l)®q with f) = ker(0-l) and q=kcr(# + l), 

for the eigenspace decomposition of q under 9. Let ^ W C q be an open convex 
cone invariant under e ad & and S — Sh{W) be a corresponding Olshanski semigroup 
in the sense of Definition A. 4. In particular, H is a connected Lie group with Lie 
algebra rj, but we do not assume that H is contained in G. We write 

exp: W -> S = S H (W) 

for the corresponding exponential map on W. In polar coordinates the involution 
on S is given by 

(5) (hexpx)* = (expa;)/i _1 = h^ 1 cxp(Ad(ft,)x) 

(Remark A. 5). 

Examples 3.1. (a) Let W be a real Hilbert space and G = GL("H)o- We write A T 
for the adjoint of an element A e B{H). Then 9(g) = [g T )~ 1 defines an involution 
on G with H = G e = 0(H)o (the orthogonal group of %) and q = Sym('H) is the 
space of symmetric operators. In this case G — 0(H)o exp(Sym("H)) actually is 
an Olshanski (semi-)group for W = q = Sym('H). Similarly statements hold for 
complex and quaternionic Hilbert spaces. 
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(b) If H is a connected Lie group for which Ad(H) leaves a compatible norm on 
() invariant, then () is called an elliptic Banach-Lie algebra. Then H has a universal 
complcxification n: H — > He with a polar decomposition He = H exp(if)) ([Ne02, 
Ex. 6.9]). A finite dimensional Lie algebra t) is elliptic if and only if it is compact, 
but the class of elliptic Lie algebras is quite large. In particular, it contains the 
algebra u(A) of skew-hermitian elements of a C*-algebra A and in particular the 
Lie algebra u(H) of the full unitary group U('H) of a complex Hilbert space %. 

(c) If V is a Banach space and W C V an open convex cone, then S — Sy (W) = 
V + zVF C Vfc is a complex Olshanski semigroup with respect to the involution 
(x + iy)* := —x + iy. 

(d) If A is a unital C*-algebra, G := Aq (the identity component of its group 
of units) and S := {s e G: \\s\\ < 1}, then S is a complex Olshanski semigroup 
S = S v(A)o (W), where 

W = {x £ A: x* = x, sup(Spcc(a;)) < 0}. 

An important example is the semigroup of invertiblc strict contractions of a complex 
Hilbert space %. 

(e) Let A be a unital C*-algebra and r = t 2 = t* £ A. For a, b £ A, we write 
a < b if there exists an invertiblc clement c £ A with 6 — a = c*c. Then 

S := {s £ A x : s*ts < t} 

is an open subsemigroup of A with respect to multiplication. To see that it is 
non-empty, we observe that we may write r = 1 — 2p = (1 — p) — p for a projection 
p = p* = p 2 E A. For A e C x and s := A(l — p) + we then have 

S*TS = |A| 2 (1 -p) - \\^\ 2 p <T={l-p)-p 

if and only if |A| < 1. The semigroup S is of the form Sh(W) for 

H = {g e A x : .g*rg = r}. 

(f) As already mentioned in the introduction, the compression semigroups of 
(real forms of) symmetric (Hilbert) domains are also Olshanski semigroups (cf. 
[NeOl]). 

Definition 3.2. Let (S, *) be an involutive Banach semigroup, i.e., an involutive 
semigroup carrying a Banach manifold structure such that multiplication and in- 
version are smooth maps. 

(a) A homomorphism p: S — > B{Ti) is called a * -representation if p(s*) — p(s)* 
for every seS. Such a representation is said to be non-degenerate if p(S)V. spans a 
dense subspace of "H, which is equivalent to the condition that p(S)v = {0} implies 
v = 0. 

(b) For a representation (p, %) of S, a vector v € "H is called smooth if its orbit 
map p": 5 — > "H,s h-> p(s)w is smooth. We write %°° for the subspace of smooth 
vectors and say that (p,W) is smooth if is dense in "H. 

(c) A ^representation (p, H) of S is called locally bounded if every seS has a 
neighborhood on which ||p(-)|| is bounded. 

(d) For a unitary representation (ir,H) of a Lie group G, we also write H 00 := 
- H°°(7r) for the subspace of smooth vectors. This subspace carries the derived rep- 
resentation 

d7r: g -> End^ 00 ), d7r(a;)w := — ^ o 7r(cxpta;)u 

of the Lie algebra q of G. If 7r is smooth, then these operators are essentially skew- 
adjoint and, for x e g, the closure d7r(x) is the infinitesimal generator of the unitary 
one-parameter group 7r(expta;). 
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Remark 3.3. (a) Since the arguments in [NelOb, Prop. 5.1, Lemma 5.2] apply 
also to semigroup actions, the first countability of S implies that any strongly 
continuous representation p: S — > B(H) defines a continuous action S x H — > H. 
The continuity in the points (s, 0) implies that p is locally bounded. 

(b) If, conversely, p is locally bounded and the orbit maps p v : S — > H are 
continuous for every v in a dense subspace, then p is strongly continuous ([NeOO, 
Lemma IV. 1.3]). 

In the following we are interested in non-degenerate strongly continuous *- 
representations p : S = Sh(W) — > B(H) on a Hilbert space W. First we observe 
that, although H need not be contained in S, any non-degenerate ^representation 
of S defines in a natural fashion a unitary representation of H. 

Proposition 3.4. For every non- degenerate ^-representation {p,%) of S there ex- 
ists a unique, not necessarily continuous, unitary representation pn- H — > U("H) 
satisfying 

(6) p{hs) = p H {h)p{s) for heH,sE S. 

Its space of continuous vectors contains p(S)'H and its space of smooth vectors 
contains p(S) / H°° . In particular, {ph,H) is strongly continuous, resp., smooth if 
(p,H) is. 

Proof. The existence of a unique homomorphism pn- H — > U("H) satisfying (6) 
follows from the fact that H acts on S by unitary multipliers (Remark A. 5, [NeOO, 
Rem. III. 1.5]). The smoothness of the action of H on S now implies that p(s)v 
has a continuous (smooth) orbit map under H if v has a continuous (smooth) orbit 
map under S. This completes the proof. □ 

To apply the Hille-Yosida Theorem to the symmetric one-parameter semigroups 
p x (t) ■= p(exptx) for x e W, we need to know that 

(7) lim p x (t)v — v for v € H. 

As the following lemma shows, this follows from the non-degeneracy of the repre- 
sentation and strong continuity. 

Lemma 3.5. If p is a non-degenerate * -representation of S = Sr{W) and x G W, 
then p(expx)H is dense in H. Furthermore, (7) holds if p x is strongly continuous 
on M>o- 

Proof. Let v e (p(exp x)H) ± . In view of 

(p(expx)w, v) = (w,p(expx)v), 
this is equivalent to p(expx)v = 0. Now [NeOO, Cor. II. 4. 15] implies that 

p(^ exp — ^ v = for every n > 

and hence that p(exptx)v = for every t > 0. 

Any s £ S can be written s = so exp(tx) with sq € S and some t > because the 
left invariant vector field V x generates a local flow on S (Remark A. 9). It follows 
that p(s)v = p(so)p(exptx)v = 0. Since p is a non-degenerate representation of S, 
it follows that v = 0, and hence that ^(expa;)?^ is dense in H. 

We see in particular, that the representation p x of M>o is non-degenerate. As- 
sume that p x is strongly continuous, hence locally bounded (Remark 3.3). Then 
Lemma [NeOO, Lemma VI. 2. 2] implies that p x extends uniquely to a strongly con- 
tinuous representation on R>o, which implies (7). □ 
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Definition 3.6. Let (p,H) be a non-degenerate strongly continuous ^representa- 
tion of S. In view of Lemma 3.5, we obtain for every x <G W a self-adjoint operator 

M X )Z : = 4 p(expiz)f;, 



dt 



t=o 



the generator of the symmetric one-parameter semigroup p x . It is defined on the 
subspacc T>(dp(x)) where the derivative exists (Hille-Yosida Theorem). For x € f), 
we likewise write dp(x) for the generator of the corresponding strongly continuous 
unitary one-parameter group p x {t) := pn(exptx) (Proposition 3.4; Stone's Theo- 
rem). 

The following theorem is our main result. 
Theorem 3.7. Let G c be a simply connected Lie group with Lie algebra 

g c = f) iq C gc, 

and p : S — Sh{W) — > B(l-l) be a non- degenerate strongly continuous smooth *- 
representation. Then there exists a unique smooth unitary representation (n, H) of 
G c on % whose space of smooth vectors is contained in V(dp{x)) for every x € f)UVF, 
and whose derived representation satisfies 

(8) dTr(x + iy) C dp(x) + i dp(y) for x € f) and y <E W. 

We will see (Remark 4.10) that the space - H°°(7r) of smooth vectors for the 
representation tt of G c coincides with 

p| v(Mx n ))...Mx 1 )). 

XjetiUW, new 

Accordingly, our strategy is to define a representation of the Lie algebra g c on this 
space so that (8) is satisfies and then verify that we can use the results in [MerlO] 
to show that this representation of g c integrates to a representation of G c . 

Remark 3.8. (a) Let qn ■ H — > H be the simply connected covering group of H. 
Then we have a unique morphism i : H — > G c integrating the inclusion map () — > q c . 
The relation ir o i = p H og H now implies that t(ker^) C ker7r. As kerqn acts 
trivially on g, it also acts trivially on g c , i.e., i(kerg^) C Z(G C ). In particular, it is 
a normal subgroup and tt actually factors through a representation of the quotient 
G c j t(ker qn)- If L{ker qn) is discrete, this quotient is a Lie group with the same Lie 
algebra. 

Here is an example showing that the group i(kerq^f) need not be discrete. We 
consider the Lie algebra g = sbQR) ® M with the involution 0(x,t) = (—x T ,t), 
which leads to g c = SU2(C) © R, and G c := SU2(C) x R is a corresponding simply 
connected group. 

For the Lie algebra rj = g° = S02(R) © R, the corresponding simply connected 
group is H = K 2 , and the kernel for the adjoint action of H on g is isomorphic to 
Z x R with kcr i = 2Z x {0}. Now L := Z(2, 1) © Z(0, y/2) is a discrete subgroup of 
H acting trivially on g, so that H := H /T satisfies our condition imposed for the 
construction of Olshanski semigroups and kerg# = Y. Now l(T) = {1} x (Z + V2Z) 
is not discrete in G c . 

(b) Let q s : S = S^(W) be the universal covering of the Olshanski semigroup 
S = Sh(W) and (p,H) be a smooth locally bounded ^-representation of S, so 
that Theorem 3.7 leads to a unitary representation {tt,'H) of G c . Clearly, the 
representation p := p o q s of S leads to the same representation of G c . 

Now 7r o i = p H implies that ker(pjj) D kert, so that the representation p of S 
actually factors through a representation of the semigroup S c :— Sh c {W), where 
H c = l(H). From the point of view of the representation theory of the group G c , all 
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representations obtained by Theorem 3.7 can also be obtained from the semigroup 
S c , which is locally isomorphic to S. 

The representation (it, H) of G c obtained from the Luscher-Mack Theorem has 
the remarkable property that the spectrum of the operator idir(x) is bounded from 
below for every x in the cone iW C g c . In Section 5 we will prove a converse to 
Theorem 3.7: A — iVF-semibounded representation tt of G c comes from a strongly 
continuous smooth *-representation of Sh(W), where H — (exp G f)) is the identity 
component of the group of fixed points for the involution 6 C on G c acting on the 
Lie algebra by x + iy i-> x — iy for x e f), y € q. 

Remark 3.9. It is instructive to take a closer look at the special case g = f)c with 
q = if), i.e., where 9(z) — ~z is complex conjugation with respect to the real form f). 
Then Sh(W) is a complex Olshanski semigroup (cf. Definition A. 4(b)). Then the 
complexification of can be realized by the embedding 

V- 9 -> B © B, (z,z), 

which leads to gc — 9®g, a direct sum of two complex Lie algebras. In this picture 
the Lie algebra g c = t) + iq is given by 

{(x, x):xet)} + i{(y, -y):ye if)} = {(x, x) : x e f)} + {(y, -y) : y E fj} = f) © h. 

We conclude that G c = H x H, where H is the simply connected covering group 
of H. 

If a : g — > End(2?) is a complex linear representation of g on the complex linear 
space T>, then the complex linear extension to gc — ® 9 is given by 

ac(z, w) = | (a(z + w) + ia(iw — iz)) — a(z) 

because 

(z,w) — \ {(z + w, z + w) + i(iw — iz,iw — iz)). 
Therefore the corresponding unitary representation 7r c of G c is given by ir c (hi , h 2 ) = 
PH(hi). 

4. Proof of the Luscher-Mack Theorem 

The following lemma permits us to reduce the proof of Theorem 3.7 to the case 
where (p, %) is cyclic and generated by a smooth vector. 

Lemma 4.1. A non-degenerate strongly continuous smooth * -representation is a 
direct sum of cyclic representations with smooth cyclic vectors. 

Proof. The set of all families (Hj)j & j of mutually orthogonal closed S'-invariant 
subspaces which contain a smooth cyclic vector is well ordered by inclusion and 
by Zorn's Lemma it has a maximal element (Hj)j £ j. Let JC = @j eJ 'Hj- Then JC 
and K. 1 - are S'-invariant, and we claim that if K. 1 - is non-zero, it contains a smooth 
vector. Indeed, if /C ^ H, there exists a smooth vector w which is not in JC. Let 
us write pr for the orthogonal projection on K.- 1 and v :— pr(w). Then the relation 
p(s)v = pr(p(s)w), s e S, shows that v is a smooth vector in JC^. Since p is 
non-degenerate, we have v £ p{S)v (cf. [NeOO, Lemma II. 2. 4]), hence spanp(S')?; is 
a closed S'-invariant subspace with a smooth cyclic vector orthogonal to each Hj, 
j € J. But this contradicts the maximality of [Hj)jeJ- Therefore H = tC, and as 
representations of S, we have ri ~ ©jgj'Hj- □ 

From now on we assume that v e is a cyclic vector. Then we obtain a 
smooth positive definite kernel 

K(s 1 ,s 2 ) :=K S2 (si) := (p(s 1 sl)v , v ) 
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on S which leads to a unitary map 

V-.H^Hk, *(«)(«) := p"' V0 {s) = (p(s)v,v ) = (v,p(s*)v ) 

onto the reproducing kernel space Hk Q C oc (5, C). Indeed, ^ intertwines p with 
the representation of S on Hk C C°°(S, C) given by (p(s2)<p)(si) = <f(siS2)- 
Therefore it suffices to prove Theorem 3.7 only for the representation (p,%k) of 
S = S H (W). 

The function <po = p v °> v ° = ^(vo) satisfies p(s)ipo = K s *, so that 

(9) H° K = span{p(S)<po) C H% and p(s 2 )K Sl = K aia . 

for s\ G S, S2 G 5 U H. To each x£gwe associate the corresponding left invariant 
vector field V x on S (cf. Definition A. 8) and write the corresponding integral curves 
as sexp(ix) (cf. Remark A. 9). As in (1), we set 

C x := £y x and C x := C x \t> x for T> x := V Vx = {ip G H K ■ C x <f G H K }, 

and extend this definition C- linearly to any x G 0c- Then we have on C°°(S, C) 
the relation 



(10) 



[C x ,Cy] - C\ 



We recall that a core of a self-adjoint operator A: V — » % is a dense subspace 
D CD for which A = A|x> . 

Proposition 4.2. Letx£\)UW. Then H° K C X>(dp(ar)), "H^ is a core fordp(x), 
and 



(11) 



•if 



Proof. For x e (), the first assertion follows from (9) and Proposition 3.4. For 
x G IF and s G S 1 , the map i i-> p(exp(ix)s)<y9o extends to a smooth map on some 
O-neighborhood, and for i > it coincides with e tdp ^ p(s)(p - Therefore p(s)tpo is 
contained in the domain T>(dp(x)) of dp(x). 

In the following we also write p{h) := pn{h) for h G H. For x G rj U IF, the 
space V.° K is invariant under ^(cxpix), t > 0, hence is a core for dp(x) ([EN00, 
Prop. 1.7]), i.e., dp(x) = dp(x)\ n o 



Finally, let x G f) U IF and ip G V(dp(x)). Then 



_d 



p{exptx)(p, K s ) = 
t=o ar t=o 

</?(scxpix) = (£ x <£)(s) 



(dp(xV)(s) = ( 

= di\t=o {LP,Ksc * ptx) = dt 
shows that extends dp(x). Further, for ip G T> x 

d_ 
dt 

d 



(cp,p((exp tx)*)K s ) 



t=o 



ip{s exp(ix)) = (ip, 



dt 



t=o 



K 



s cxp tx{ 



= (1>, 



dt 



p{cxptx)*K s ) = (iP,dp(-6(x))K s ). 



□ 



shows that (dp(— 0(x))\- H o ( )* — dp(x) extends C x . This proves (11). 

The preceding proposition shows that, for any x G f)U!F, C x leaves the subspace 
V:= p| V(d~p{x n ) . . .Tp( Xl )) 

nEN, x n ,...,Xi£t)UW 

= {<p£H K : (Vn G N)(Vx„,...,xi G f) U W) <P G 

invariant, and by linearity this is also true for x G 0c- Therefore we set 

a(x) := £ x |x> for x G C 
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and observe that 

(12) V = {^en K : (Vn e N)(y Xl , ... , Xn e 9) C X1 ■■■ C Xn (f e H K }- 
Lemma 4.3. If xi, . . . x n Eg, n € N, then 

£>x n ■ ■ ■ C-xiH^k T~Lk, 

and for s E S, 

dt n 

£*„•■• £ Xl p(s)<Po = "777 757- p(exp(iixi) . . . exp(t n x n )s)ip . 

at n ...ot\ t„=...=ti=o 

Proof. The map 

(ii, . . . ,i„,s) h-> p(exp(tia;i) . . . exp(i„x„)s)^ , 
defined for small enough tj, is a smooth Hk -valued map (cf. Remark A. 9). Hence 
dt n 



and 



dt n ... dti 

> dt n 



,dt n ...dti 
dt n 



p(exp(t n x n ) . ..exp(tixi)s)ip E H K 

-ti—0 



p(exp(t n x n ) . . . exp(tixi)s)(^ ) (so) 
(p(s)v?o)(so exp(t n x n ) . . . exp(t 1 xij) 

t n — — ti — 



<9t„ . . . ati 

= (4» ■■■C Xl (p(s)<p ))(so)- □ 

Proposition 4.4. T/ie domain V contains H% and is dense in Hk- The map 
a : q c — > End(2?) is a strongly continuous representation of q c = f) © iq by skew- 
symmetric operators in the sense that all the maps g c — > %k,x i-> a(x)v are 
continuous. More generally, for each <p E V 1 := D^eg^i fie map gc — > Wk,x m> 
£ x <£ is continuous. 

Proof. The first assertion follows from (12) and Lemma 4.3. The map a is a Lie 
algebra homomorphism because x ^ C x is so by (10). For the strong continuity 
it suffices to show that, for ^eP 1 , the graph of the map g c — > Hk,x i->- £3.^ is 
closed (cf. [NclOa, Lemma 4.2]). This follows if, for each seS the map 

g c ^H, x 1 y (£ x ip)(s) = dtp(s)V x (s) 

is continuous. That this is the case on the real Lie algebra g follows from the fact 
that ip is a smooth function on S because — > T s (S),x i-> V x (s) is a topological 
isomorphism (cf. Definition A. 8). Clearly, the continuity is inherited by the complex 
linear extension to gc- This completes the proof. □ 

To show that the representation of g c integrates to a continuous unitary repre- 
sentation of G c we will use the following theorem 

Theorem 4.5 ([MerlO]). Let G c be a simply connected Banach-Lie group with Lie 
algebra g c . Assume that g c = Oi© 0.2 where a\ and 0,2 are closed subspaces. Let a be 
a strongly continuous representation of g c on a dense subspace T> of a Hilbert space 
rl such that for every x E diUci2, a(x) is essentially skew-adjoint, e a ^T> C V and 

e^>a(y)e-~^a(e adx y) for y E g c . 

Then a integrates to a continuous unitary representation (jr, %) of G c for which T> C 
H°°(7r) is a G c -invariant subspace and a(x) = dTr(x)\x> for x E g c . In particular, 
for x E g c , the infinitesimal generator dn(x) of the one-parameter group ir(exptx) 
coincides with the closure a(x). 
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The next two propositions ensure that the assumptions of the theorem are sat- 
isfied by the representation a for Oi = fj and a 2 = iq. The first one uses the 
Geometric Frohlich Theorem 2.5. 

Proposition 4.6. For x e f)Uiq, the operator a(x) is essentially skew-adjoint with 
closure C x . 

Proof. For x € 1) U iW , we know that H% is a core for the skew-adjoint operator 
dp(x) = C x (Proposition 4.2). Since H% CPC T> x , the larger subspace V is also 
a core for C x . This proves the assertion for x G 1) U iVF. 

Now let x € q be a general element. Then the vector field V x is i-T-symmetric, 
since for every s\, s 2 € S, we have 

if (si expte, s 2 ) = </?o('Si(expte)s2) = ¥>o(si(s2 expte)*) = s 2 expix). 

We can therefore apply Theorem 2.5 and Proposition 4.2 to see that C x is a self- 
adjoint operator, and that C x \ H a K is essentially self-adjoint. Writing x = x + — x_ 
with x± e W, we see that we also have L x = L x+ — L x _ , so that 

H° K cvcv x+ nv x _ cp,, 

and thus a(zx) is essentially skew-adjoint with closure Lf x . □ 

Lemma 4.7. Lei a; £ f) U VF, i/ej, and (p e "Hk smc/i that ip e T> e -*dx y . TTiera 
^(expa;)^ € 2?^ and 

£ y (p(exp £)</?) = /o(expx)£ e - »d l!( ^. 
Proof. For every seS, C e -*a* y (p e "H leads to 
(p(exp x)C e - a,dx y ip,K s ) 
= (C e - *dx y ip, p((exp x)*)K s ) = (C e - a.d x y ip,K sexpx ) 

d_ 
~ di 



tp(s cxp x exp(te &Ax y)) — (^(sexpiyexpx) 



t=o 



= £ y (p(cxpx)^)(s) = (£ y (p(cxpx)Lp),K s ). □ 

Lemma 4.8. Let A : T> — > % be a symmetric operator and T>\ Q T> a dense 
subspace. If A\ :— A\x> % is essentially self-adjoint, then A is also essentially self- 
adjoint, with A = A\. 

Proof. From A\ C A C A* it follows that 

~A<ZA*QA* 1 =A~ 1 <ZA~ 

(cf. [RS80, Thm. VIII.l]). Therefore A = A* = ~A X is self-adjoint. □ 

Proposition 4.9. For x e f) U iq, e"^!? C 2?. Moreover for any y e g c we /iat>e 

(13) e"^a(2/)e-"^ = a(e ad *y). 

Proof. In the following we also write := pnih) for h e H. 

Step 1: Let x e 1) U VF and (p GT>. Then Lemma 4.7 implies by induction that for 

every n € N and j/i, . . . , y n G 1) U VF, 

£ Vn . . . C yi p(expx)(p — p(expx)£ e -adx y?i . . .£ e -*dx yi <p e 
and hence e dp ^V = p(expx)<^ g V(dp(y n ) . . . dp(yi)). It follows that 

(F p(x) T> C D, 

and that we have for <p € V and (by linearity) for y e C , 

(14) a(y)e^ip = e^a{e~ adx y)if. 



ANALYTIC EXTENSION TECHNIQUES 



13 



In particular (13) holds for x € f). Now let ip € D . Then (14) can be written 

(15) (-e*V,#) = (e^a^^V,^, 

and this last equation is all we need for the following. 

Step 2: Assume that x G W. Then the spectrum of dp(x) is bounded from above 
and hence 1 1-> e* dp ' a: ) extends to a strongly continuous holomorphic semigroup 

C+ = {z G C | Rez > 0} -> z e z ^ (a:) , 

which is holomorphic on int(C+) (cf. [HN93, Prop. 9.9] or [NeOO, Prop. VI.3.2]). For 
if E V 1 , the map gc ^ H, x i-^ £ x ip is C-linear and continuous (Proposition 4.4), 
hence the function C — > z n- C e -z nd^ y ip is analytic. Since the map 

B{H)xH^H, (T,Z)t->T£ 

is C-bilinear and continuous, it follows that the map 

int(C + )->W, me* 1 ^^.^ 
is analytic. By the Analytic Continuation Principle, the equality (15) implies 

(_e*V, a(y)ip) = {e z ^jC e - z , dXy ip,tp) for z e intC+V G P. 
We then have by continuity 

(16) (-e^WtpMvW) = {e ±i7rp{x) C e ^* y V,i>). 

This shows that, for y G f) U iW, e ±i3 ^( x V € ^("(3/)*) = ^(dp(y)) = £>„. We thus 
arrive at 

e ±iMx) v i^ v i with £ ye ±iM*) = e ±iMx)jC eTiBdXy n D 1 . 

By induction, we now obtain 

e ±id P (x) T) = T) with a ^) e ±id^(x)| c = e ±id?(x) a ^ e q=iadx y j_ 

Step 3: For n G N, xi, x 2 G W, y G g c and ^^eP 1 we now obtain 

(17) (- (e^^e-^'^y <p,dp(y)il)) 

from 

C y (e id ^e- id >>^) <p= ^(x l)e -id P (x 2 )j £ (eiadS2e _ iadsi) „^. 

Now let x G q and write it as x — x\ —xi with x\,x<i G W. Since dp(xi) — dp(x 2 ) 
is essentially self-adjoint on V (Proposition 4.6), it is essentially self-adjoint as 
an operator on its domain D(dp(a;i)) n T>(dp(— x 2 j), and its closure is a(x\ — x 2 ) 
(Lemma 4.8). We therefore have Trotter's Product Formula [RS80, Thm. VIII.31]: 

■ dp(x 1 ) .dp(x 2 )\ ■—, 7 

e l ^^e- l ^^\ f = e «*(*i-*») f for / e U K - 
J 

Replacing Xj by j = 1,2, in (17) and taking the limit we obtain 

(19) (-e ia ^- x ^<p,£ v 4>) = (e ia ^- x ^£ ei ^ 2 - xi)y <p,i>) for eV 1 . 

As above we now obtain by induction that e la ^T> C V and that (13) holds for 
x G iq. □ 
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Proof of Theorem 3.7: In view of Proposition 4.9, we obtain from Theorem 4.5 a 
unitary representation of G c whose space of smooth vectors contains V and such 
that d7r|x> = a and d7r(x) = a(x) for x € g c . We conclude with Proposition 4.2 and 
4.6 that d7r(a;) = dp(x) for x G 1) and d7r(ix) = idp(x) for x G W. □ 

Remark 4.10. Since T> C H°°(Tr), it immediatly follows from 

n°°(ir)= f) 2?(d7r(x„) . . . d7r(xi)) C V 

([NelOb, Lemma 3.4, Remark 8.3]), that V = H 00 ^). 

5. HOLOMORPHIC EXTENSION OF SEMIBOUNDED REPRESENTATIONS 

In this section we obtain a result which is a converse to the Liischer-Mack The- 
orem. It is new even in the finite dimensional setting. At the same time, we obtain 
the existence of holomorphic extensions for semibounded unitary representations. 

Definition 5.1. Let G be a Banach-Lie group with Lie algebra g. For a smooth 
unitary representation (it, %) of G we consider the map 

Stt : g — J- KU {oo}, s 7T (x) :— sup (Spcc(id7r(a;))) . 

(a) A smooth unitary representation (tt,1-L) of G is called semibounded if s n is 
bounded on a non-empty open subset of g. Then the cone W n , consisting of all 
those x € g for which s T is bounded on a neighborhood of a;, is an open Ad(G)- 
invariant convex cone in g. Moreover, : W n — > R is a continuous convex function 
([Ne08]). 

For a convex cone W C g, we say that n is W -semibounded if s^{W) C R and 
Sjr : W — > R is locally bounded. 

(b) A convex cone W C g is said to be relatively open if the linear subspace 
W — IF of g is closed and IF is open in W — W. 

For the definition of a C 1 -map we use in the next lemma see Definition B.2. 

Lemma 5.2. Let W be a relatively open convex cone in g, q := W — W , and 
be a smooth W -semibounded unitary representation of G. Then, for every 
v G V.°°(tt), the map 

p v :W ->H, x^e^ {x) v, 

is C 1 and 

T x (p v )(y) =dn(J o e sadlx yds^j e^'t). 
The map G x W -> H, (g,x) h-> ir(g)p v {x) is also C 1 . 
Proof. For x G IF, y & g c and v,w £ H°°, the function 

F(z) := (-e^ x ^,d7r(2/)w;) - (e z3;?(:l;) d7r(e- zad:l; y)i;, w) 

is continuous on the closed upper half-plane C+ := {z € C: Imz > 0} and holo- 
morphic on its interior ([NeOO, Prop. VI. 3. 2]; see also Step 2 in the proof of Propo- 
sition 4.9). Since F(t) = for t e R by Proposition 4.9, the Schwarz Reflection 
Principle [Ru87, Thm. 11.14] implies that F vanishes on C+. It follows that, for 
x e W and v € H°° we have e liw( - x ^v e T>(dw(y)) for every y e g with 

Since d7r(e~ ad lx y)v is again a smooth vector, we can iterate this argument to obtain 
inductively 

e* (l WP:= p| V(d^(y n ))...V(d^( yi )). 
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We know by [NelOb, Lemma 3.4, Remark 8.3] that T> = T-L°°. Hence we have 

(20) e <SF(x) W oo g ^oo and d7r ( y ) e i^F(x) = e id5F(x) d7r ( e - adix^ 

for x e W/" and y G gc- Now let v E In view of (20), Proposition B.5 implies 

that p° is G 1 with 

T x {p v ){y) = dTr ^jf e sad<x 2/^e^ x ^ = e^ x )d7r^ e~ sacH; Vs^ 

and that the map 

p:WxH^H, (x, v) i ^ e id ^ x ^ 

is continuous. 

Finally, we observe that the map 

F:GxW^H, F(g,x) :=Tr{g)p v {x) 

is continuous because the G-action on ~K defined by tt is continuous. We have just 
seen that F is partially differentiable in x with continuous partial derivative 

G x W x q -> W, (g,x,y)^ n{g)T x (p v )y. 

We have also seen that C 'H 00 {-k) 1 so that the partial derivatives in g also 

exist and are given by 

TG x W -> W, (g.y, x) ^ 7r(.g)d7r(y)e l5;F(a:) w = Tr^^d^e" ad ^t/)w. 

As G acts continously on 'H, p is continuous, and the adjoint action of G on q is 
continuous, this function is continuous. This implies that F is G 1 (cf. [Ham82]). □ 

Definition 5.3. Let W be a relatively open convex cone in g, q := W — W, and f) 
be a closed subalgebra of q. The cone PF is called fj- compatible if 

[W,W]Cf) and e adt WClf. 

Then g c := fj © iq C q c is a closed subalgebra which is turned in a symmetric 
Banach-Lie algebra by the involution 6(x + iy) := x — iy for x E t), y e q. 

An incompatible cone VF C q is said to be integrable if there exists a symmetric 
Banach-Lie group {G Cl 0) with symmetric Lie algebra g c — 1) © iq such that, for 
H := (G^)o, the polar map 

H x iW ^ G c , (ft, a;) h-> ft exp(x) 

is an analytic diffeomorphism onto an open subsemigroup 

5 = S H (iW0 = # exp(iVF) C G. 

Then S is invariant under the involution s* = #(s) -1 , turning it into an involutive 
semigroup (S, *). 

From the discussion of Banach-Olshanski semigroups in Appendix A, it then 
follows that for each connected Banach-Lie group Hi locally isomorphic to H to 
which the adjoint action of t) on q c integrates, there exists an involutive Banach- 
Olshanski semigroup 5^ (iW) with a polar decomposition which is a quotient of 
the universal covering semigroup of Sn(iW). 

Theorem 5.4. Let G be a Banach-Lie group with Lie algebra q, f) be a closed 
complemented Lie subalgebra of g, and H := (expf)) be the corresponding integral 
subgroup in G. Let (n^V.) be a smooth W -semibounded unitary representation of G 
for the integrable fj- compatible cone W . Then the formula 

p(hexpix) := Tr(h)e^ ( ^ for h E H and x E W, 

defines a strongly continuous smooth * -representation p of S{j{iW) on H. 

We shall need the following Chain Rule ([MerlO, Lemma 4]): 
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Lemma 5.5. Let I C M be an open interval, E and F be two Banach spaces and 
L S (E,F) denotes the space of continuous linear operators from E to F endowed 
with the strong operator topology. Let I — > L S (E, F),t H- K{t) be a continuous 
path such that t i-> K(t)v is differ entiable for every v in a subspace T> of E and let 
j(t) be a differ entiable path in V. We write K'(t) : V — > F for the linear operator 
obtained by K'{t)v := j^K(t)v for »eP. Then t ^ K(t)j(t) is differ entiable with 

jK{t) 1 {t) = K'{t) 1 {t)+K{t) 1 '{t). 
Proof of Theorem 5.4- Step 1: Let us first prove that, for xi,x 2 € W, 

(21) p{expix\ expza^) = p(exp ix\)p(exp 1x2)- 
For this purpose, let us write for t > 0, 

(22) r](t) := exptixi expix2 = h t exp(ix(t)) with h t £ H, x(t) e W. 

Now let v e W° and consider ~f{t) := p(r)(t))v = ^{h^e^^h. By Lemma 5.2 
and the Chain Rule (Lemma 5.5), applied with K(t) = ir(h t ) and V = %°°(7r), 
the path j(t) is differentiable for t > 0, and, denoting by S the right logarithmic 
derivative (see Definition A. 11), we obtain with Proposition A. 12 

Y(i) = d^(Sh t )j(t) + 7r(fct)d7F( y e isadx Wia; / (t)ds)e^ <x W^ 

= H^frW + ^(^)d^(^(exp) M ( t)i a ; 'w) e ^( t ))« 

= &j(s(h) t + Ad(h t )5(exp) lx(t) ix'(t)^(t) 
= d7r(5(»?)t)7(i) (by Proposition A.13) 
= d7r(ia:i)7(f). 

Since lim t _>o 7(*) = linit->o 7r(/i t )e 4d7r ^^^t; = p(expix2)v (Lemma 5.2, Lemma A. 6), 
we obtain with [Kat66, p. 481] that 

j(t) — p(exptixi)p(expix2)v 7 

and (21) follows for t = 1. 

Step 2: For h £ H and x € VF we have 

Trt/OdTrfcM/i)- 1 = d¥(Ad(/i)x), 

so that 

(23) e d7r(»Ad(fc)x) _ e w(/0*dw(x)7r(h) _1 _ 7r (ft) e id ' r ( a; ) 7r (/j)- 1 . 

From (23) we obtain the relation 

p(hexpx)* = p((hexpx)*), 

and we further derive 

(24) p(sh) = p(s)n(h) for seS,heH. 
Step 3: Now we can prove that for h\, h 2 € H and xi, x 2 € W, 

(25) p{h\ expixih2 expix2) = p{h\ expixi)p(h 2 expix2)- 
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With (21) and (23) we obtain 

p{h t expi Xl )p(h 2 expix 2 ) = nih^^n^e^^ 

= n(hih 2 )p(exp(i Ad(h 2 )^ 1 xi))p(exp(ix 2 )) 

= n(hih 2 )p(cxp(i Ad(/i2) _1 a;i) exp(ix 2 )) 

= p(h\h 2 exp(i Ad(h 2 )~ x\) exp(ia;2)) 

= p(hi expix\)h 2 expix 2 ). 

Step 4: It remains to prove that for v € 'H 00 (7r) the map p v : S — > H, p v (s) := 
p(s)v is smooth. In view of Lemma 5.2, this map is C 1 . For x e f) we have by 
Remark A. 9 and (24) 



d 



d 



T s (p v )(s.x) := — p(scxptx)v = — p(s) p(cxp tx)v — p(s)dir(x)v. 



*=o dt 



t=o 



Similarly we have for x e 
d 



d 



T s (p"){s.{ix)) := — p(sexptia;)w = — p(s)p(exp izx)w = i o(s)d7r(ix)w. 



t=o dt 
Since T s (p v ) linear, it follows that 

(26) T s (^)(s.x) = p(s)dir{x)v for x e f) + iq. 

Now an easy induction shows that the higher partial derivatives of Tp v only involve 
the continuous n-linear maps 

w"(xi, ...,x n ) := drr(xi) . . . d7r(x„)w, 

and hence that p v is smooth. □ 

Now recall the context of the Luscher-Mack Theorem. We have a symmetric 
Banach-Lie algebra q — 1) © q and an integrable e ad ^ -invariant open convex cone 
W C q. We therefore have a Banach-Olshanski semigroup S'iy(W) = ffexpl^ for 
each connected Lie group with Lie algebra f). Applying the preceding theorem to 
q c = t) + iq and — iW C zq, we obtain the following converse to the Liischer-Mack 
Theorem: 

Corollary 5.6. Let = f) ® q be a symmetric Banach-Lie algebra and W be an 
integrable e ad ^ -invariant open convex cone in q . Let G c be a Banach-Lie group with 
Lie algebra q c = f) + iq C gc and let H c be its integral subgroup with Lie algebra f). 
Let 7T be an —iW-semibounded unitary representation of G c . Then 

p(hcxpx) := Tr(h)e dn( - X ^ for h £ H c and x e W, 

defines a strongly continuous smooth * -representation p of Sh c (W). 

Theorem 5.7 (Holomorphic Extension Theorem). Let G be a Banach-Lie group 
with Lie algebra g, (it, H) be a semibounded unitary representation of G, and W C 
W n be an open integrable Ad(G) -invariant convex cone. Then 

p(gexpix) := ir(g)e td7T(x) for g EG and x e W, 
defines a holomorphic * -representation p of the complex involutive semigroup 

S G {iW) = Gcxpil^. 
In particular the vectors in p(SG{iW))'H are analytic for tt. 

Note that Sc(iW) is a complex Olshanski semigroup (cf. Definition A. 4). 
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Proof. First we observe that the cone W is g-compatiblc. Theorem 5.4 now applies 
to the semigroup Sc(iW). It remains to prove that p : Sc(iW) — > B(H) is holo- 
morphic. But (26) shows that Tp v is complex linear, hence that p v is holomorphic. 
The holomorphy of p now follows from [NeOO, Lemma IV. 2. 2]. Now let s <E Sc{iW) 
and v eU. Since tt^ s >(/i) = n(h)p(s)v = p(hs)v, the analyticity of nP^ v follows 
from the analyticity of the map H — > S, /i4 hs. □ 

The preceding theorem generalizes Olshanski's Holomorphic Extension Theorem 
for highest weight representations ([0182], [NeOO]) to the Banach-Lie setting. In 
the finite dimensional case the proof heavily relies on the existence of a dense space 
of analytic vectors, which can be derived by convolution with heat kernels ([Ga60]), 
but for unitary representations of Banach-Lie groups, not even the space of Ca- 
veators need to be dense (cf. [NelOb]). In the finite dimensional context one proves 
first that p is holomorphic, and then the multiplicativity of p is obtained by analytic 
continuation. In the proof we give here the multiplicativity of p follows from the 
(assumed) existence of smooth vectors and then the holomorphy of p follows as a 
bonus from its multiplicativity. 

Appendix A. Covering theory for Olshanski semigroups 

Let (G, 9) be a symmetric Banach-Lie group and (g, 9) the corresponding sym- 
metric Lie algebra. We write 

g = f)®q with f) = kcr(# - 1) and q = kcr(6» + l), 

for the eigenspace decomposition of g under 9 and let Hq denote the identity 
component of G e . We set g* = 9(g)~ 1 and consider an open convex Ad(Ha)- 
invariant convex cone W C q for which the map 

H G xW^-G, (h, x) i-)- h exp x 

is an analytic diffeomorphism onto an open subsemigroup S — H exp(W) of G. In 
these coordinates the involution on h exp x e S is given by 

(27) (/icxpx)* = (cxpx)^ 1 = ftT 1 exp(Ad(/i)x). 

In particular S is ^-invariant. In the following we write Sr g (W) = Hq exp(W / ) for 
this involutive semigroup. 

Definition A.l. Let S be an involutive semigroup. A multiplier of S is a pair 
(A, p) of maps A, p : S — > S satisfying 

a\(b) = p{a)b, \{ab) = \{a)b, and p{ob) — ap(b) for a,b G S. 

We write M(S) for the set of all multipliers of S and turn it into an involutive 
semigroup by 

(X,p)(X',p'):=(Xo\',p'op) and (A, p)* := (p*, A*), 

where X*(a) := X(a*)* and p*(a) = p(a*)*. We write 

U(M(S)) := {(X,p) e M(S): (X,p)(X, P y = (A,p)*(A,p) = 1} 

for the unitary group of M(S). 

Note that S —> M(S),s n- (A s ,p s ) is a morphism of involutive semigroups 
and that M(S) acts on S from the left by (X,p).s := X(s) and from the right by 
s.(X,p) := p(s). 

The group Hq is in general not contained in Sh g (W), but it acts on it by the 
unitary multipliers (Xh,Ph), h & Hq. 
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Proposition A. 2. Let q : S — > S be the universal covering of the Banach manifold 
S = Sh g {W). Then S carries the structure of an analytic Banach ^-semigroup 
such that the covering map q: S — > S is a homomorphism of Banach ^-semigroups. 

Moreover, the simply connected covering group Hq of Hq acts on S by unitary 
multipliers and we thus obtain an analytic diffeomorphism 

<f> : H G x W -> S, (h,x)\-t h exp x, 

where exp : W — > S is a continuous lift of exp : W — > S such that 

exp(x)* — exp(x) for x e W, 

and 

(28) exp(sa;) exp(ta;) = cxp((t + s)x) for x £ W, t, s > 0. 

Proof. Since the polar map $ : Hq x W — > S is an analytic diffeomorphism, there 
exists an analytic diffeomorphism $ : i/p x W — > S 1 with g o $ = $ o g. We then 
define exp: VF -4- 5, x i-> $(e, a;). 

Pick xo &W and let m : S x 5 — >• 5, (s,t) h-> si be the unique continuous lift of 
the multiplication map m : 5 x S — > 5 with 

exj5(x )exp(x ) = exp(2xo). 

Then the uniqueness of lifts implies that the restriction of m to exp(M >0 a;o) satisfies 

exj5(tx )ex]5(sxo) = exp((i + s)x ) 

and we obtain in particular 

(e^(xo)Scp(x ))ex]5(xo) = ^(x )(exp(x )exp(x )). 

Therefore the uniqueness of lifts implies that m is associative, hence defines on S 
an analytic semigroup structure. 

We also lift the involution on S to the unique involutive diffeomorphism * on S 
with exp(xo)* = cxp(xo), an d since (si)* = t*s* now holds for s = t = cxp^o), the 
uniqueness of lifts implies that (S, *) is an involutive semigroup. 

The multiplication on S can be expressed by analytic maps m# G : WxW — > 
and m ff : W x VF -> W as 

(29) $(h,x)$(ti,x') = $(hh'm Ha (Ad(h')- 1 x,x'),m w (Ad(h')- 1 x,x')). 

From the continuity of the multiplication S x (S U - > 5 1 in G, it follows that 
both maps n%w and mn extends continuously to the set 

W 2 := (W x(WU {0})) U ((W U {0}) x W). 

If to# g : Wi — >• is the unique lift of m# G satisfying mjf G (xo, £o) = e , then 
we obtain the formula 

(30) &(h,x)&(h',x?) = $(M'm ffG (Ad(/i') _1 a;,x'),^(Ad(/i') _1 a;,a;'))- 

For each ir e W and t, s > we further have m,H G {sx,tx) — e because 
rriH G (sx,tx) — e and the subset {(sx,tx) £ W x W : s,t > 0, x £ W} is connected. 
This implies (28). 

The left and right multiplier actions of Hq on S lift to unique left and right 
actions of Hq on S, satisfying 

(31) h$(ti,x) = $(hti,x)' and $(h',x)h = &(tih,Ad(h)- 1 x). 
From (31) we further derive 

(32) (hexpx)(h'expx') = hh'exp(Ad(h')~ 1 x)ekp(x'). 
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This implies in particular that the left action of Hq on S commutes with the right 
multiplications. We also obtain from the uniqueness of lifts that 

(hexpx)* — h~ 1 exp(Ad(h)x) — exp(x)/i _1 for x£W,h€Hc, 

so that left multiplications in 5* commute with the right action of Hq. To see that 
Hq acts on S by unitary multipliers, it remains to observe that 

(ft'S$(a;')/i)(ft"Sp(/)) = (h'Sxp(x'))(hh"Sp(x")) 

for h, h', h" e H G , x, x' e W, which also follows from (32). □ 

Let Ad^ G := Ad q oq Ha be the action of Hq on q, obtained from the action Ad q 
of Hq on q and the covering map qn G ■ Hq — > Hq . 

Proposition A. 3. For a discrete central subgroup T C Hq acting trivially on q, 
the cosets in S satisfy 

(33) (*r)(tr)=«*r and (sT)* = s*r for s,teS, 

so that the quotient semigroup S/T inherits the structure of an analytic involutive 
Banach semigroup for which the quotient map qr '■ S — > S/T is a morphism of 
involutive semigroups. Moreover, the polar map $ : Hq x W — > S factors through 
a diffeomorphism $r : Hq/T x W — >• S/T and the group Hq/T acts faithfully on 
S/T by unitary multipliers. 

Proof. Since the left action of T on S coincides with the right action (see (31)), the 
relations (33) easily follow. The remaining assertions are now obvious. □ 

Definition A. 4. (a) The semigroups obtained by the preceding proposition will 
be called Banach-Olshanski semigroups. We write 

S H (W) :=S Hg (W)/T for H = Hq/T 

and expx := cxp(x) • T for the exponential function exp: W -> Sh(W). 

(b) For the special case where = f)c an d 0(x + iy) = x — iy, the group G 
is complex, so that Th g (W) is a complex manifold on which the multiplication is 
holomorphic and the involution is antiholomorphic. These properties are inherited 
by all other Olshanski semigroups Sh(W), where H = Hq/T is a connected Lie 
group with Lie algebra f). Therefore we call them complex Olshanski semigroups. 

Remark A. 5. The basic properties of Olshanski semigroups Sh{W) are: 

(01) : The polar map H x W — >• Sh(W), (h,x) i-> hexpx is an analytic dif- 
feomorphism. 

(02) : H acts on Sh(W) smoothly by unitary multipliers. 

(03) : For x <E W, we have 

exp(sx) exp(tx) = exp((i + s)x) for t, s > 0. 

(04) : For h e H and s e W, we have (hexpx)* — (expx)h. 

From now on H always denotes a connected Lie group with Lie algebra f) and 
S = Sh (W) is a corresponding Olshanski semigroup. We do not assume that H is 
contained in G. 

Lemma A. 6. For s e Sh(W) and x e W we have 

lim exp(te)s = lim sexp(te) = s. 



ANALYTIC EXTENSION TECHNIQUES 



21 



Proof. It suffices to verify this relation in the simply connected covering semigroup 
S, where we have for s = h' cxp(x'): 

cxp{tx)s = $(e,tx)®(h',x') = §{tim H (kd(tiy 1 tx,x'),m w (k&{tiy 1 tx,x')). 

Since the functions rhn and raw extend continuously to the domain W2, for- 
mula (30) yields exp(tx)s — > s. The other relation is obtained by applying the 
involution *. □ 

Remark A. 7. Let k t G il 1 (G, fj) denote the right Maurer-Cartan form, defined 
by K T g (x.g) :— x for x G g = T e (G), where TG x G -> TG, (v,g) 1— > u.g denotes 
the canonical right action of G on TG. Similarly we define the left Maurer-Cartan 
form by K l g (g.x) := X. 

For the subscmigroup 5 = Sh g {W) C G, the restriction Is defines a 

trivialization of the tangent bundle of S by 

TS^Sxg, v s 1 ^ (s, «&(«»)) for i; s e T S (S). 

Ifqs- S — > 5 is the universal covering, the form k~ := <7 s k s likewise trivializes T(5). 
For every discrete central subgroup T C if G acting trivially on q and S = Sh g {W), 
the form n r ~ on 5 is T- invariant, hence is the pullback of a form k~ trivializing 

T(S/T). 

Definition A. 8. The preceding discussion shows that on every Olshanski semi- 
group Sh(W), we have a natural form n r s € ^(S, g) trivializing the tangent bundle 
and we similarly obtain a left invariant form n l s . 

Accordingly, we have natural left invariant vector fields V x , x e g, on S, defined 
by K l s (V x ) = x. and right invariant vector fields W x , x G g, defined by K r s (W x ) = x. 



Remark A. 9. For x e f) U W and s e S we have 

d 

cxp(tx)s. 



sexp(ta;) and W x {s) = ^j- 



Both relations are obvious for the semigroup Sh g (W), and they are inherited by 
the simply connected covering and hence also by its quotients. 

For i£g and s G 5, we write i 1 — >• s exp(te) for the integral curve of V x through 
s and likewise t 1— > exp(te)s for the local integral curve of W^. This is redundant 
for S 1 = SVf^lT) C G, and for a general S = Sh{W), the preceding observation 
shows that it is also consistent for x G W U () with the action of the corresponding 
one-parameter (scmi)groups. 

Remark A. 10. (a) From the right invariance of n r G on G, we obtain 

p*K r s = K r s for se S = S H (W) 

by verifying that this property is preserved by the passage to covering semigroups 
and to quotients by discrete central subgroups. We likewise get 

K K s = K S f° r s e S. 

(b) As in (a), it follows that, for h G H, the right multiplication ph : S ^ S also 
leaves k s invariant. For the left multiplication Xh(s) = h.s, the relation X*Kq — 
Ad(g) o Kq for the Maurer-Cartan form of a Lie group G implies that 

(34) X* h K r s = Ad(h) o K r s for h e H. 

This is also verified by the passage through the universal covering semigroup. 
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Definition A. 11. For a smooth map /: M — > S = Sh(W), where M is a smooth 
manifold, we define the (right) logarithmic derivative as the g-valued 1-form 

6(f) :=/V s erf(M,g). 

If I C M. is an interval and a : I — > 5 a diffcrcntiable path, then the identification 
of 1-forms on J with g-valued functions leads to 

5{a) t := «£ (t) (a'(t)) G 0- 

We likewise define logarithmic derivatives for maps with values in Lie groups. 

For the exponential map exp : g — > G we then have 

a(exp) x (y)= ( e saAx yds, 
Jo 

([Nc06, Prop. II.5.7]) and therefore: 

Proposition A. 12. Any C 1 -path a. : I — > TF satisfies 

S(expa) t = f e sada ^a'(t)ds. 
Jo 

From the differential of the multiplications, we obtain left and right actions 
SxTS^-TS, (s,v)^-s.v, TSxS^TS, (v,s)^v.s 
and likewise 

HxTS^TS, (h,v)^h.v, TSxH^TS, (v, h) i— >• v.h 

as well as 

TH x S ^TS, [v,s)^v.s, S xTH -+TS, (s,v) ^ s.v. 
We then also have 

(35) (ks)(v-s) =v for v £ t) = T e (H), s £ S 

because this is true for the subsemigroup Th g (W) of G. 

Proposition A. 13. Let a : I — > Jf and /3 : 7 — > W 6e two C 1 -paths. For the path 
■j(t) := a(t) exp(/3(i)) m 5 we £/ien ftaue 

5( 7 ) t = <f(a) t + Ad(a(t))J(exp o/3) t . 

Proof. First we note that 

7 '(t) = a '(t).exp/3(t) +a(t).(expo/3)'(t). 

To evaluate <5(7)t = (^5)7(4) (7' we nrs t write a'(t) = S(a) t .a(t) in Tif. For w £ 
TH, the relation (h'h).s = h'.(h.s) for s £ S,h,h' £ H leads to (v.h).s = v.(h.s), so 
that (35) implies that (a' (t). exp /3(f)) = 5(a) t . Finally, the relation (34) leads 
to 

K r s (a(t).(exp o/3)'(f)) = Ad(a(t))J(exp o/3) t . □ 
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Appendix B. Families of one-parameter semigroups 

In this section we let g = (g, [■,■]) be a locally convex Lie algebra. This means 
that g is a locally convex space and the Lie bracket [•, •] is continuous. Let us 
first recall the following basic notions of the differential calculus over locally convex 
spaces. 

Definition B.l. (a) Let E, F be two locally convex spaces, U open and / : U C 
E — > F be a continuous map on the open set U of E. Then / is called C 1 if the 
directional derivatives d v f(x) := lim/^o f( x+hv )~f( x } exist for every x E U and 
uefi and the map 

df : U x E -> F , (x, i>) i— > 0„/(a;) 

is continuous. 

(b) A continuous map / : U C _E -> V is called C fc , fc > 2 if it is C 1 and d/ is 
C fe_1 . It is called C°°, or smooth, if it is C fc for every k E N. 

(c) A locally convex space E is called Mackey complete if for each smooth curve 
£ : [0, 1] — >• E the weak integral J Q £(t)dt exists, i.e., there exists a (unique) element 
/ =: J Q £(t)dt E E satisfying 

a(I)= [ a(£(t))dt for each a E E' . 
Jo 

This implies in particular that the curve 77(5) := J Q S £{t)dt is smooth and satisfies 

Definition B.2. A locally convex Lie algebra g is called ad-integrable if for every 
x E Q the (linear) vector field defined by ad a; is complete, that is, if there exists a 

smooth map $ x : K x g -> g with ^ $ x (t)y = adx(y). We will then use the 

notation e tada: := $ x (t). 

We consider a linear homomorphism 

a : g -> End(2?) 

in the space of endomorphism of a dense domain I? of a Banach space E. We 
assume that a is strongly continuous in the sense that for every v E V the map 
a v : g — > E, x i-> a(x)w is continuous. Now let be a convex cone in g which is 
relatively open in its span q := W — W (cf. Definition 5.1), and assume that, for 
every x E W, the closure a(x) of a(x) generates a strongly continuous semigroup 



and that the map s a (x) := sup 0<t<1 



e ta(x) 



is locally bounded on W. 



Remark B.3. If E = % is a Hilbert and for every x EW the semigroup ( e ta ^ 

\ /t>o 

consists of normal operators, then the fact it generates a commutative C*-algcbra 
isomorphic to some C(X) implies that 



e ta(x)\ 



it 

for x E W, 



and hence that s a (x) = max jl, || eQ! ^|| }• 

We will need the following lemma (see [MerlO, Lemma 9]): 

Lemma B.4. Consider two operators A and B defined on a common dense do- 
main V of the Banach space E and whose closures generates strongly continuous 



e tB v - e tA ~ 
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semigroups ( e tA ) and ( e tB ) respectively. Assume further that e sA T> C T> 
V /t>o V / t>o 

for all s > 0. If for some v € T> the map s h- !► Be sA v is continuous on [0, oo), then 

l v= f e sB ~{B - A)e^ A vds for t > 0. 
Jo 

We then have the following proposition generalizing [MerlO, Prop. 10]: 

Proposition B.5. Let g be an ad-integrable Mackey complete locally convex Lie 
algebra. If for every x G W and every y€g, 

(36) e°WDCP and a(y)e*^ = e^a( e - adx y), 
then the map 

p:WxE^E, (x,v)^p v (x) := e°^v 
is continuous, and for every v G V, p v is C 1 with 

T x (p v )(y)=a(J^ e s&dx yd s y^v = e°&a(J e - sada; yds)«. 

Proof. Let v £ V and x,y G g. From the relation 

(37) a(y)e s ^v = e s ~^a{ e - s adx y)v, 

the continuity of the map [0, oo[x_E — > E, (s, v) ^ e sa ^v and the strong continuity 
of a, we derive that s n- a(y)e sa ^v is continuous on [0, oo[. We can therefore apply 
Lemma B.4 to obtain 

(38) e«^v-e"Wv= f e u ^ a{y - x)e {1 - u) '^ x ~ ) vdu 

Jo 

= [ e u ^e^- u ^a{e {u - 1)&dx {y-x))vdu. 
Jo 

Let e > let V be a 0-neighbourhood in g such that for every y G x+V, s a (y) < M. 
Consider now the continuous map 

F : [0, 1] x g E, {u,z)^a v (e( u -V adx z). 

Since F([0, 1] x {0}) = {0}, the compactness of [0, 1] implies the existence of a 0- 
neighborhood V" C g such that F([0, 1] x V') is contained in the open ball B(0, 

of radius around in E. Thus, for every y G x + V n V, e a ^v - e a ^v < e, 

and this proves that p v is continuous. The local boundedness of s a : W -> M further 
implies that p v is continuous for every v G E, and hence the map 

p : W x E -> E, (x, v) i— > e^v 

is continuous. 

Let y G q and let r > such that x + hy G W for \h\ < t. We derive from (38) 
the formula 



e <x(x+hy) v e a(x) 



- = / e sa{x+hv) a{y)e (1 ~ s)a{x) vds. 
Jo 



h 

Let us fix < e < 1. Then the continuity of the map 

(s, h) i— > e sa{x+h ^a(y)e {l ~ s ^v 

on [e, 1] x [— r, r] implies that we can pass to the limit under the integral sign to 
derive 

(39) lim / e s "^ K ^a(y)e^- s ^vds = [ e s ^a(y)e (1 - s ^vds. 

h ^°Je Je 
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The same type of argument as the one used for the continuity of p v shows that the 
integrand of 

l e s a {x+hy) a ^ e {l-s)^x) vds 
JO 

is bounded unformly with respect to (s,h), and hence the integral is uniformly 
small (with respect to h) when e is sufficently close to 0. Therefore 

(d y p v ){x)= f e s °^a{y)e ( - 1 - s '>°^vds= f a(e s&dx y)e^vds 
Jo Jo 

= <*(J e sadx yd s y^v, 

where the last equality follows from the uniqueness of the weak integral. Similarly 
we obtain 



and now the continuity of p implies that Tp v : W x q — >• E is continuous, i.c, that 
p v is a C 1 -map. □ 
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